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Abstract. In this article, we give some characterization results of (£ 7 , £ 7 Vqg)- 
fuzzy left(right) ideals, (£7, £7 Vqg )-fuzzy generalized bi-ideals and (£7, £7 Vqg)- 
fuzzy bi-ideals of an LA-semigroup. We also give some characterizations of 
LA-semigroups by the properties of (£7, £7 Vg^)-fuzzy ideals. 



1. Introduction 

Kazim and Naseerudin have denned the concept of an LA-semigroup in 1972 
[T9l[27] - Let S be a non-empty set and binary operation * satisfies (a*b)*c = (c*b)*a 
for all a, b, c £ S. Then, S is called an LA-semigroup. Later, Mushtaq et al. have 
investigated the structure further and added many useful results to theory of LA- 
semigroups see [2TJ [221 [23]. Mushtaq and Khan have developed ideal theory of 
LA-semigroups 24 J. In |17j . Khan and Ahmad have given some characterizations 
of LA-semigroups by their ideals. L. A. Zadch founder of the concept of fuzzy set 
[3 3) in 1965. Behalf of this concept, mathematicians initiated a natural framework 
for generalizing some basic notions of algebra, e.g group theory, set theory, ring 
theory, topology, measure theory and semigroup theory etc. Fuzzy logic is very 
useful in modeling the granules as fuzzy sets. Bargeila and Pedrycz considered this 
new computing methodology in 0]. Pedrycz and Gomide in [28 considered the 
presentation of update trends in fuzzy set theory and its applications. Foundations 
of fuzzy groups were laid by Rosenfeld in |30j . The concept of fuzzy semigroup was 
introduced by Kuroki jT4j [15] . Recently, Khan and Khan defined the concept of 
fuzzy ideals in LA-semigroups [18]. In [25], Murali described the notions of belong- 
ingness of a fuzzy point to a fuzzy subset under a natural equivalence on a fuzzy 
subset. In [29 , the idea of quasi- coincidence of a fuzzy point with a fuzzy set is 
defined. These two ideas acted important role in generating some different types of 
fuzzy algebras. Bhakat and Das [9] gave the concept of (a, /3)-fuzzy subgroups, 
where a,/3 £ {g, q, E Vq, G Aq} and a ^G Aq. These fuzzy subgroups are further 
studied in [HE]. The concept of (g, G Vg)-fuzzy subgroups is a viable generalization 
of Rosenfeld's fuzzy subgroups. The concept of (G, G V<7)-fuzzy subrings and ideals 
are described. In [8], S.K. Bhakat and P. Das introduced the (g, G Vg)-fuzzy sub- 
rings and ideals. Davvaz described the notions of (g, G Vg)-fuzzy subnearrings and 
(G, G Vq)-fuzzy ideals of a near ring in [11]. Jun and Song introduced the study of 
(a,/3)-fuzzy interior ideals of a semigroup in [13] ■ In [16], the concept of (G, G Vq)- 
fuzzy bi-ideals of a semigroup described by Kazanci and Yamak. In [31) , Jun et al 
gave some different type of characterization of regular semigroups by the proper- 
ties of (G, G Vg)-fuzzy ideals. Aslam et al introduced a new generalization of fuzzy 
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T-ideals in T-LA-semigroups [2] . In [Tj , Abdullah et al studied a new type of fuzzy 
normal subgroup and fuzzy coset of groups. Generalizing the idea of the quasi- 
coincident of a fuzzy point with a fuzzy subset, Jun |12) defined (6, G Vgfc)-fuzzy 
subalgebras in BCK/BCI-algebras. In [32], (G,G V<7fc)-fuzzy ideals of semigroups 
are introduced. Further generalizing the concept of (s, £ Vq), J. Zhan and Y. Yin 
defined (G 7 , G 7 Vqs)-tuzzy ideals of near rings [34] , In [26], (g 7 , G 7 Vq^-fuzzy ideals 
of BCI-algebras are introduced. The Abdullah et al, the concept of (g 7 , G 7 Vqs)- 
fuzzy LA-subsemigroups, (g 7 ,G 7 Vq^-fuzzy left(right) ideals, (g 7 ,G 7 V^)-fuzzy 
generalized bi-ideals and (G 7 , G 7 Vgi)-fuzzy bi-ideals of an LA-semigroup are intro- 
duced [3]- 

The paper is organized as: In section 2, we give basic definition of an LA- 
semigroup and a fuzzy set. In section 3, we define (G 7 , G 7 Vq^-fuzzy LA-subsemigroups, 
(G 7 ,G 7 Vga)-fuzzy left(right) ideals, (g 7 ,G 7 Vg5)-fuzzy generalized bi-ideals and 
(G 7 , G 7 V(7a)-fuzzy bi-ideals of LA-semigroups. In section 4 we give some charac- 
terization results of these ideals in fuzzy varsion. We also give characterizations of 
LA-semigroups by the properties of (g 7 , G 7 Vg^-fuzzy ideals. 



An LA-subsemigroup of S means a non-empty subset A of S such that A 2 C A. 
By a left (right) ideals of S we mean a non-empty subset / of S such that SI C 
1(1 S C I). An ideal / is said to be two sided or simply ideal if it is both left and 
right ideal. An LA-subsemigroup A is called bi-ideal if (BS) B G A. A non-empty 
subset B is called generalized bi-ideal if (BS) B G A. A non-empty subset Q is 
called a quasi-ideal if QSDSQ C Q. A non-empty subset A is called interior ideal if 
it is LA-subsemigroup of S and (SA) SCi. An LA-semigroup S is called regular 
if for each a G S there exists x G S such that a — (ax)a. An LA-semigroup S is 
called intra-regular if for each a G S there exist x,y G S such that a = (xa 2 )y. An 
LA-semigroup S is called weakly regular if for each s G S, there exists x,y G S, such 
that s = (sx) (sy). In an LA-semigroup S, the following law hold, (1) (ab) c — (ab) c, 
for all a, b, c G S. (2) (a6) (cef) = (ac) (6d) , for all a, 6, c, e? G 5. If an LA-semigroup 
,5 has a left identity e, then the following law holds, (3) (ab) (cd) — (db) (ca) , for all 
a, b,c,d£ S. (4) a(bc) = b(ac), for all a, 6, c € S. A fuzzy subset /z of 5 is a mapping 
fi : S [0, 1]. For any two subsets ji and of 5, the product /j, o v is defined as 



is said to be a fuzzy point with support x and value t and is denoted by Xt-A 
fuzzy point is said to be "belong to" (res.,"quasicoincident with") a fuzzy set /j,, 
written as Xt G /i(repectively, Xtq^J.) if n(x) > t (repectively, [i(x) +t > 1). Wc 
write Xt G Vg/i if Xt E jJi or xtqfi-lf n(x) < t (respectively, [i(x) + t < 1), then we 
write XtG/i(repectively,xtg/i). We note that G Vg means that G Vg does not hold. 
Generalizing the concept of xtqfi, Y. B. Jun [T2] defined XtqkH, where k G [0, 1] as 
XtqkH if M x ) + ^ + > 1 and G Vg^/x if Xt G /i or XtqkH- 



2. Preliminaries 




V {My) A Kz), if there exist y, z G 5, such that x = yz 



otherwise 



A fuzzy subset /i of the form 
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Definition 1. [18] A fuzzy subset \x of an LA-semigroup S is called fuzzy LA- 
sub semigroup S if n(xy) > A for all x,y G S. 

Definition 2. T5| A fuzzy subset fi of an LA-semigroup S is called fuzzy left(right) 
ideal of S if n(xy) > n(y)(n(xy) > n(x)) for all x,y G S. 

Definition 3. [18 An LA-subsemigroup fi of an LA-semigroup S is called fuzzy 
bi-ideal of S if fi((xy) z) > (i(x) A fJ.(z) for all x,y G S. 

Definition 4. [18 A fuzzy subset \x of an LA-semigroup S is called fuzzy generalized 
bi-ideal of S if fi((xy) z) > A [i(z) for all x,y G S. 

Definition 5. [18] -Le^ n be a fuzzy subset of an LA-semigroup S. Then, for all 
t G (0, 1], the set [i t = {x G 5* \fJ-(x) > t} is called a level subset of S. 

Following theorems are well known in LA-semigroups 

Theorem 1. Let S be a weakly regular LA-semigroup with left identity e. Then, 
the following conditions are equivalent: 

(i) S is regular. 

(ii) R<~] L — LR for every left ideal L and right ideal R. 

Theorem 2. Let S be a weakly regular LA-semigroup with left identity e. Then, 
the following conditions are equivalent: 

(i) S is regular. 

(ii) L D R C LR for every left ideal L and right ideal R. 

Theorem 3. Let S be a weakly regular LA-semigroup with left identity e. Then, 
the following conditions are equivalent: 

(i) S is regular and intra- regular. 

(ii) Every quasi ideal of S is idempotent. 

Theorem 4. Let S be a weakly regular LA-semigroup with left identity e. Then, 
the following conditions are equivalent: 

(i) S is regular. 

(ii) An B — BA for every left ideal A and right ideal B of S. 
(ii) (AS) A — A for every quasi ideal A of S. 

3. (G 7 , G 7 V(? 5 )-FUZZY IDEALS 

Generalizing the notion of (g, G Wq) , in 26, 34 (g 7 , G 7 V<7a)-fuzzy ideals of near 
rings and BCI-algebras are introduced. Let j,S G [0,1] be such that j < S. For 
fuzzy point Xt and fuzzy subset jj, of S, we say 

(i) Xt G 7 /i if fi(x) >t> r y. 

(ii) xtqsfj. if fJ-(x) + t > 25. 

(Hi) Xt G 7 Vqsft if x t G 7 /i or x t qsH- 
(iv) x t G 7 V q s ^i if x t G 7 ^ or X t q s fi. 

In this section, we introduce the concept of (g 7 , G 7 V^)-fuzzy LA-subsemigroup, 
(G 7 , G 7 V<75)-fuzzy left(right) ideal, (g 7 , G 7 V<7a)-fuzzy generalized bi-ideal and (g 7 , G 
fuzzy bi-ideal of an LA-semigroup S. We also study some basic properties of these 
ideals. 

Definition 6. ^\A fuzzy subset \i of an LA-semigroup S is called an (G 7 , G 7 Vqs)- 
fuzzy LA-subsemigroup of S if for all a, b G S and t, r G (7, 1], xt, y r G 7 /i implies 
that (ab) tAr G 7 Vqs^. 
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Remark 1. [3 Every fuzzy LA-subsemigroup and every (G, G \/q)-fuzzy LA-subsemigroup 
is an (g 7 , G 7 Wqs)-fuzzy LA-subsemigroup but the converse is not true. 

Definition 7. [3]^4 fuzzy subset fi of an LA-semigroup S is called an (g 7 , G 7 Vg^)- 
fuzzy generalized bi- ideal if for all a,b,s G S and t,r G (7,1], at G 7 [a, b r G r (i 
implies that ((as) 6) tAr G 7 Vqs/J,. 

Definition8. \3\A fuzzy subset [j, of an LA-semigroup S is called an (G 7 ,G 7 Vg,5) 
fuzzy bi- ideal if for all a, 6, s G S and t,r G (7, 1] at G 7 6 r G r fi implies that 

(nj ((as)6) tAr G 7 VqsfJ,- 

Definition 9. [3)^4 fuzzy subset fj, of an LA-semigroup c is called an (g 7 , G 7 Vga)- 
fuzzy interior ideal of c if for all a, 6, c G 5 and t, r G (7, 1], the following conditions 
hold: 

(i) at,b r G 7 [i implies that (a6) tAr G 7 Vqsfi. 
(m) Ct G 7 fi implies that ((ac) b) t G 7 Vga/i. 

Definition 10. 3 ^4 fuzzy subset /i of an LA-semigroup S is called an (G 7 , G 7 Vga)- 
fuzzy quasi-ideal of S, if it satisfies, 
fi(x) V 7 > (fi o 1) (x) A (1 o /1) (a;) A J, 



4. Regular and Weakly Regular LA-Semigroups. 

In this section we characterize weakly regular, regular and intra-regular LA- 
semigroups by the prperties of their (g 7 , G 7 Vqs)-fuzzy ideals. 

Theorem 5. Every (g 7 , G 7 Vqs)-fuzzy generalized bi-ideal of a weakly regular LA- 
semigroup S with left identity e is an (g 7 , G 7 Wqs)-fuzzy bi-ideal of S. 

Proof. Suppose that /1 is an (g 7 , G 7 Vg^-fuzzy generalized bi-ideal of S. Let a, 6 G 
S. Since S is weakly regular so there exists x,y G S, such that, a = (ax)(ay). Then, 
by using (4) , we have ab = (a(ax)y)b). So, 

fi(ab) V 7 = /.i(a((ax)y)b) V 7 > ^i(a) A ^(0) A S. 

This shows that fi is an (g 7 , G 7 Vg^-fuzzy LA-subsemigroup of c. Hence, /1 is an 
(G 7 , G 7 Vg^-fuzzy bi-ideal of c. □ 



Theorem 6. Every (g 7 , G 7 \/qs)-fuzzy quasi-ideal of a wekly regular LA-semigroup 
S with left identity e, is an (g 7 , G 7 Vga) -fuzzy bi-ideal of S. 

Proof. Suppose that /x is an (g 7 , G 7 Vga)-fuzzy quasi-ideal of S and a G S. Since S 
is weakly regular, so their exist x,y € S, such that, a — (ax)(ay). Now, 



/x(a&)V7 > (fx o 1) (ab) A (1 o /i) (ab) A 8 



\/ {M(I)M(m)} 

_ab—lm J La&— 

> [/i(a) A 1(6)] A [1(a) A /i(o)] A (5 
= \p(a) A 1] A [1 A fx(b)] A 5 
= /i(a) A /x(6) A S. 



\/ {l(u)A/z(«)} 



A<5 
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Thus, /i is an (G 7 , G 7 Vq^-fuzzy LA-subsemigroup of S. Now by using (4),(1),(2) 
and (3) we have 

(as)b = (((ax)(ay))s)(eb) 
= ((a((ax)y))s)(eb) 
= (M(ax)y))a)(ec) 

= ( ce )( a ( s (( ax )y))) 

= a((ce)(s((ax)y))). 

So, 



fi((as) b) W j > (fj, o 1) ((as) b) A (1 o fj,) ((as) b) A 5 

\/ W)A1W} 

(as)b—a((ce)(s((ax)y)))—lm 

> [fi(a) A l((ce)(s((ax)y)))] A [l(as) A fj,(b)] A S 
= [fi(a) A 1] A [1 A fi(b)\ A S 
= /u(a) A A 6. 

Thus, jU is an (g 7 , G 7 V^)-fuzzy bi-ideal of S. 



\/ {l(u)AM«)} 

(as)6= 



□ 



Theorem 7. ///i is an (g 7 , G 7 \fq$)-fuzzy left ideal and v be the (g 7 , G 7 Vq$)-fuzzy 
right ideal of a weakly regular LA-semigroup S with left identity e, then jiov is an 
(G 7 , G 7 Vqs) -fuzzy two-sided ideal of S. 

Proof. Let x,y G S, then by definition of weakly regular LA-semigroup there exist 
t,r G S, such that, x — (xr) (xt). Now, 



(m ° v) (y) a s = 



\/ {Mi)Af(m)} A 5 

\V=lm ] 

\j fj,(l) hv(m) A 5 

\y=lm 



\J fj,(l) AS Av{m) . 

i-y — lm 



Now, by using (1),(2),(3) and (4), we have 



xy = x(lm) — ((xr)(xt))(lm) = ((lm)(xt))(xr) 

= ((tx)(ml))(xr) = (m((tx)l))(xr) 

= ((xr)((tx)l))m = ((xr)((tx))(el)))m 

= ((xr)((le)(xt)))m) = {{xr)(x((le)t)))m 

= (x((xr)((le)t)))m = (x((xr)((te)l)))m. 
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Now, 

H{x{{xr){{te)l))) V 7 



Thus, 



> 



> 



> 



(Oi(*((ar)((te)0)) V 7 )V 7 )V 7 
((/i((ar)((te)/)) A «5) V 7 ) V 7 
(because /z is an (e 7 , e 7 Vg^) -fuzzy left ideal) 
((/i((ar)((te)/)) V 7 )A<5)V 7 

((M(*e)0)A<y)A<y)V 7 

( M ((te)0)A«5)V 7 

(M(ie)0)V 7 )AJ 
fj,(l)) A 8 A 5 
V{1))A5. 



(jj, o v) (y) A S = \f A 6 A v(m) 



< 



< 



\/ ({M(a;((aT)((te)0))m) V 7 }Ai/(m)) 

xy—(x((xr)((te)l)))m 

V ({m(p)v 7 }a%)) 



V (M(P) A !/(«)) ) v 7 

Thus, (/z o z/) (xy)Vj > (/z o z/) (y)AS. Similarly, we can show that (/z o z/) (xy) V 7 > 
(/z o z/) (x) A <5. Hence, zz o v is an (e 7 , e 7 Vg^-fuzzy two sided-ideal of S. □ 

Following example tells us that if /z and v are (e 7 , G 7 Vg5)-fuzzy ideals of an 
LA-semigroup S, then /ioi/^/jAc. 

Example 1. Lei S = {1,2,3,4} be an LA-semigroup with the following multipli- 
cation table. 



* 


1 


2 


3 


4 


1 


4 


4 


4 


4 


2 


3 


1 


3 


1 


3 


4 


1 


4 


4 


4 


4 


4 


4 


4 



Define fuzzy subsets \i and v of S by 

/z(l) = 0.3, /i(2) = 0.2, /i(3) = 0.6, zt(4) = 0.3. 

and 

= 0.4, t/(2) = 0.3, i/(3) = 0.4, i/(4) = 0.5. 

iVow, 

S 0<t<0.2 
{1,3,4} 0.2<t<0.3 
{3} 0.3 < t < 0.6 

$ 0.6 < f 

and 



£/(/z;i) 
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s 



< t < 0.3 
0.3 < t < 0.4 
0.4 < t < 0.5 
0.6 < t 



U{u;t) = < 



{1,3,4} 
{4} 







Then, /x and v are (e 7 , e 7 Vqg)-fuzzy ideals of S (by using Theorem 8 part(iv)). 
Now, o v) (4) = \/{0.2, 0.3, 0.4, 0.5} = 0.5 and (p A v) (4) = /z(4) A i/(4) = 0.3. 
Clearly, /iOi/^/jAf. Hence, \io v < [i f\v is not true in general. 

Definition 11. Let /i and ^ &e i/ie fuzzy subsets of LA-semigroup S. The fuzzy 
subsets /(*,/iA* v, fi V* ^ and /x * v of S are defined as follows; 



H*(x) = (n(x) V 7) A 6 

(/i A* !/)(*) - (((/i A 1/) (a;)) V 7) A 5 

(/iV*i/)(a;) = (((/x V 1/) (a;)) V 7) A 5 

(fj, * v) (x) = (((/x o v) (x)) V 7) A S for all x e S. 



Lemma 1. Let /x and v be the fuzzy subsets of LA-semigroup S.Then the following 
holds; 

(i) /iA"f = fi* Ay*. 

{ii) fi V* v = [i* V v*. 

(Hi) fi * v — (i* o v* . 

Proof. Let x e S. Then, 



(/iA*i/)(a;) - (((/x A 1/) (a;)) V 7) A 6 

= ((At(ar) A i/(ar)) V 7) A 6 

= ((/x(a;) V 7) A (v(x) V 7)) A 5 

= ((/x(a;) V 7) A 5) A ((^(a;) V 7)) A 5) 

= n*{x) Au*(x) 

= (n*Av*)(x). 



((iV*v)(x) - (((/iVi/)(i))V7)Ai 

= ((/x(a>) V v(x)) V 7) A <5 

= {{fJ>(x) V 7) V (z^(a;) V 7)) A S 

= {{/Jt(x) V 7) A V ((v(x) V 7)) A 5) 

= n*(x)\Jv*(x) 

= (»*Vv*)(x). 



Hence, /x A* ^ = /x* A zA 
(ii) 



Hence, /iV*v = fi*Vi/*. 
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(iii) 

(fj,*v)(x) = (((/jo v) (a;)) V7) A S 

= ^ V {My)AK^ v 7 ) as 

= ( V/ {(Mtf) V7) AM?) V 7 )}J A (5 

\x=yz / 

= V/ {((/*(») V 7) A <5) A (M*) V 7) A 5)} 
= ( V/ K(2/)A^W}j 

\x=yz / 

= fa* ° 0(a). 

Hence, [i^v — [i* ov* . □ 

Lemma 2. Le£ i and i? &e any two non-empty subsets of LA-semigroup S. Then 
the followin hold. 

(*) Xl A* x« = Xlnfl- 

(**)Xl v * Xfi = Xlufl- 

(Hi) Xl*Xr = X* lr - 

Lemma 3. A non-empty subset L of S is a left(right) ideal of S if and only if Xl 
is an (G 7 , G 7 Vqs)-fuzzy left(right) ideal of S. 

Proof. Suppose that I be a left ideal of S. Now, 

X* L {ab)y 1 = (( XL (ab) V 7) AS) V 7 
> ((x L (b)AS)AS)V 1 
= ( XL (b)AS)V 1 
= (x L (b)Vj)A5 
= X* L (b)AS. 

Hence, x*l x& an (€7, G 7 Vg,5)-fuzzy left(right) ideal of S. 

Conversely, assume that \*l * s an i^n e 7 Vg^)-fuzzy left ideal of S. To show that 
L is a left ideal of S, let b E L. Then, 

xl(b) = (XL(b)V 1 )A8 = x L (b)AS = 5. 

So, bs G 7 Xl- Now, (ab) s G 7 \/qsX*L (because xl is an (€7, £7 Vaa)-fuzzy left ideal 
of S), which implies that (ab) s G 7 x* L or (ab) s qsX*L- Hence, xt( a b) > <5 > 7 or 
X* L {ab) +S>2S. Now, if xl( ab ) + 5>2S, then Xl(^) > 6. Thus, x£(a6) > So > 
we have Xl(°^) = ^- Hence, a6 G L. Thus, L is left ideal of S. □ 

Lemma 4. A non-empty subset Q of S is a quasi-ideal of S if and only if x*q is 
an (g 7 ,G 7 Vqs)-fuzzy quasi-ideal ideal of S. 

Proposition 1. Let jj, be an (G 7 ,G 7 Wqs)-fuzzy LA- sub semigroup of S. Then, jj,* 
is a fuzzy LA-subsemigroup of S. 
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Proof. Let fi be an (e 7 , G 7 Vg^-fuzzy LA-subsemigroup of S. Then, we have 
fi(ab) V 7 > /j,(a) A /u(6) A S, for all a,b e S. 

Now, 

H*(ab) = (fi(ab) V 7) A 8 

> (fj,(a) A n(b) A S) A S 

= ((/x(a) V 7) A 0i(6) V 7) A <5) 

= (( M (a) V 7) A 5) A (Gu(&) V 7) A S) 

= M *(a) A //(&). 

Hence, /x* is a fuzzy LA-subsemigroup of S. □ 

Theorem 8. TTie following assertions are equivalent for an LA- semigroup S. 

(i) S is regular. 

(ii) fiA*v = 11 w for every (e 7 , G 7 Vqs)-fuzzy right ideal fi and every (g 7 , G 7 Vqs)- 
fuzzy left ideal v of S. 

Proof, (i) =4> (ii) Let /i be an (g 7 ,G 7 V<75)-fuzzy right ideal and v be an 
(G 7 ,G 7 V(7a)-fuzzy left ideal of 5. Let a € 5. Then, there exists ir e S 1 , such 
that, a = (ax) a. Now, 

(/i*i/)(o) = (((H(a))V7)A(5 

= ^ V {n(x)Av(y)}^j V 7 Ja,5 

> (({/j(ax)A!/(x)})V7)A(S 
(((M(a#) V 7) A i/(cc)) V 7) A (5 

> (((/i(a;) A S) A u{x)) V 7) A 5 
= {(fi(x) Av(x)) V7) AS 

= {(fi(x) Av(xj) V7) AS 
= (/i A* v) (x). 

Thus, (/i * v) > fi A* v. Now, 

(/i*i/)(o) = ((0*1/) (a)) V 7) A J 

= ^ V W^)A^)}j V 7 ^J A 5 

= I V ((/*(*) AS)A(v(y) A<5))V7) AS 

< I V ((p(xy) Vl)A{v(xy) V7)) V7] AS 

\a=xy J 

= V n{xy) A v(xy) V 7 \ A S 

\a=xy J 

= (/z(a) A u{a) V 7) A 5 
= GuA*z/)(a). 
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Therefore, p * v < p A* v. Hence p A* v — p*v* . 

(ii) => (i) Let R be the right ideal and L be the left ideal of S. Then, x*r an d Xl 
are (G 7 , G 7 V^)-fuzzy right ideal and (g 7 , G 7 V(7a)-fuzzy left ideal of S, respectively 
(by corollary 3). Now, by hypothesis, \* RL = Xr *Xl = Xr A* Xl = X* Rn L- Thus ' 
RL = Rf) L. Hence, it follows from THeorem[TJ S is regular. □ 

Theorem 9. For a weakly regular LA-semigroup S with left identity e, the following 
conditions are equvialent: 

(i) S is regular. 

(ii) ((/! A* v) A* p) < ((p * v) * p) for every (s 7 , G 7 Vqs)-fuzzy right ideal p, 
every (g 7 ,G 7 Vqs)-fuzzy generalized bi-ideal p and every (g 7 ,G 7 Vqs)-fuzzy left 
ideal v of S. 

(Hi) ((/J, A* v) A* p) < ((/i * v) * p) for every (g 7 , G 7 Vqs)-fuzzy right ideal p, 
every (g 7 , G 7 Wqs)-fuzzy bi-ideal p and every (G 7 , G 7 Vqs)-fuzzy left ideal v of S. 

(iv) {{p A* v) A* p) < ((/x * v) * p) for every (g 7 , G 7 Wqs)-fuzzy right ideal p, 
every (g 7 , G 7 Wqs) -fuzzy quasi-ideal p and every (g 7 , G 7 Vqg)-fuzzy left ideal v of 
S. 

Proof. (i)=>(ii) Let p, v and p be any (g 7 , G 7 Vq,5)-fuzzy right ideal p, (g 7 , G 7 V^")- 
fuzzy generalized bi-ideal p and (g 7 , G 7 Vg5)-fuzzy left ideal v of S, respectively. 
Let s G S. Since S is regular, so there exist ieS, such that, s — (sx) s. Also, since 
S is weakly regular, so there exist y, z G S, such that, s — (sy) (sz) . Therefore, by 
using (1) and (4) we have, 

s = (sx) s = (((sy) (sz)) x)s 

= ((x(sz))(sy))s = ((s(xz)(sy))s 

= (( s ( xz ))((( s y)( sz ))y)) s = ((s(xz))((s((sy)z))y)s 

= (( s ( xz ))((y(( s v) z )) s ))s = ((s(xz))(((sy)(yz))s)s 

= (( s ( xz ))((((y z )y) s ) s )) s 

= (( s ( xz ))((((y z )y)( s y( sz ))) s )) s 

= ((s( X z))((((yz)y)(s((sy)z)))s))s 

= ((s(xz))((s(((yz)y)((sy)z)))s))s. 

Now, 

= ^ V {(M* i/ )(0 Ap(m)}J V 7 ^J AS 

> [((p * v) ((s(xz))((s(((yz)y)((sy)z)))s)) A p(s)) V 7 ] A 6 

V/ {p(l)Av(m)} \a P (s) V 7 A<5 

K (s(xz))(M((yz)y)((sy)z)))s)=l m J J J 

> (({p(s(xz)) A is((s(((yz)y)((sy)z)))s)} A p(s)) V 7 ) A 6 

= (({(p(s(xz)) V 7 ) A (is((s(((yz)y)((sy)z)))s) V 7 )} A p(s)) V 7 ) A S 

> (({(p(s) AS) A (is(s) A S)} A p(s)) V 7 ) A S 
= (({p(s) A v(s)} A p(s)) V 7 ) AS 

= ((pA*v)A*p)(s). 
Thus, ((p A* v) A* p) < ((p * v) * p) . (ii) (Hi) =^> (iv) are obvious. 
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(iv) ==> (i). Let /x be any (e 7 , G 7 Vqs)-fuzzy right ideal and v be any (e 7 , 6 7 \Zqs)- 
fuzzy left ideal of S, respectively. Since 1 is (€ 7 , G 7 V<75)-fuzzy quasi-ideal of S 1 . So, 
we have 



(fj, A* v) (s) = ((/i A i/) (s) V 7) A <5 

= (((/x A 1) A v) (s) V 7) A S 
= ((»A*l)A*v)(s) 



< ((/X * 1) * 


00 


= ( ( \/ {(/**!) (<*) A !/(&)}) V 7 I A<5 


■ (M 

\ \s—ab 


( \/ M(0Al(m)j A 1/(6)1 J V 7 ^) A<5 


\ \s—ab 


( V m(Oai^) aK*»)}) v 7 ^) A 5 


\ \s—ab 


( V MOJ Ai/(6)|j V 7 ) A<J 


- (M 

\ \s—ab 


( \/ A*(0^ A 1/(6)1 A Sj V^jAS 


\ \s—ab 


( \/ {MO A 5} J A 1/(6)1 J V 7 ^) A<5 


((vj 


^ V WHV 7 }J A 1/(6) 1 J V 7 ^) A (5 



V {(W«)V 7 })A# V 7 J A 5 

s—ab / / 



= V M«)A^(fe)} V 7 US 

\ \s—ab / / 

= (fi*v)(s). 



Similarly, we can also prove that (n*v) < (/x A* v) . Hence, (/x * v) — (/x A* v) 
for every (e 7 , e 7 Vqa)-fuzzy right ideal /x and every (g 7 , G 7 Vq5)-fuzzy left ideal v 
of 5. Hence, by Theorem SIS' is regular. □ 



Theorem 10. For a weakly regular LA-semigroup S with left identity e, the fol- 
lowing conditions are equvialent: 

(i) S is regular. 

(ii) /x* = ((/x * 1) * /x) for every (e 7 , G 7 Vq$)-fuzzy generalized bi-ideal /x of S. 
(Hi) /x* = ((/x * 1) * /x) /or euerjy (e 7 , e 7 Vqs) -fuzzy bi-ideal /x 0/ S 1 . 

(raj /x* = ((/x * 1) * /x) /or every (g 7 , e 7 Vqs)-fuzzy quasi-ideal /x 0/ 5. 
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Proof, (i) => (ii) Let fi be an (g 7 ,G 7 Vg,5)-fuzzy generalized bi-ideal of S and 
a G S. Since S is regular, so there exist igS, such that, a = (ax) a. Thus, we have, 

((/! * 1) * n) (a) = U V/ (A* * 1) iv) A M*)J v 7^ A S 
> (((/x * 1) (ax) A /x(a)) V 7) A 8 

A 11(a) ) V7] A(5 



V (Kb) A 1(c) V 7 A 5 

ax— be / / J / / 

= (([((/i(a) A l(a;)) V 7) A <S] A M (a)) V 7) A <5 
= A M( a )) V 7) A (5 

= 0*(o)V7)Ai 
- M»- 

Thus, ((/i * 1) * ii) > fx*. Since ll is an (g 7 , G 7 V^)-fuzzy generalized bi-ideal of S. 
So, we have 



((/i * 1) * fi) (a) = 



V (m * 1) (u) A /i(z) V 7 A<5 

a=j/z / / 



V 

a=yz 

V 

a=yz 



V (M(p)Al(g)) V7 Ai 



A^(z)JJ V7J A 5 
V 00) A 1) I A I I V 7 I A (5 



V V Mp)aM*) v 7 A<5 

V f V (m(p)Aj*(*))A<H ) V 7 ) A<5 

a=yz \y=pq J J J 

II V V7) V 7 ) A(5 

a=(pg)z y y 

= ((M(a)V 7 )A<5 
= A** (a). 

Thus, ((fj,*l)*fi) < //*. Hence, ((/i * 1) * /x) = /i*. (ii) =>■ (Hi) (iv) 
are obvious, (w) => (i). Let A be any quasi- ideal of S. Then, \a IS an 
(G 7 , G 7 Vg^-fuzzy quasi-ideal of S. Hence, by hypothesis, x*a = ((Xa * 1) * Xa) = 
((Xa * Xs) * Xa) = X*as)A- This i m P nes that ^4 = (AS) A. Hence, it follows from 
Theorem 21 that S is regular. □ 

Theorem 11. For a weakly regular LA-semigroup S with left identity e, the fol- 
lowing conditions are equvialent: 

(i) S is regular. 

(ii) (ll A* v) = (0 * v) * fi) for every (G 7 , G 7 Vqs)-fuzzy quasi-ideal fi and every 
(G 7 , G 7 Vqs) -fuzzy ideal v of S. 

(Hi) (ll A* v) = ((/j, * v) * fi) for every (g 7 , G 7 Wqs)-fuzzy quasi-ideal ll and every 
(G 7 , G 7 Vqg)-fuzzy interior ideal v of S. 
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(iv) (/] A* i/) = ((/x * v) * /x) for every (G 7 , G 7 V qs) -fuzzy bi-ideal \x and every 
(G 7 , G 7 Vqs)-fuzzy ideal v of S.. 

(v) (fi A* c) = ((/x * v) * /x) for every (g 7 , G 7 Vqs) -fuzzy bi-ideal fj, and every 
(G 7 , G 7 Vq$)-fuzzy interior ideal v of S. 

(vi) (/iA*!/) = ((/j * z/) * /x) /or every (g 7 , G 7 Vqs) -fuzzy generalized bi-ideal \x 
and every (e 7 , G 7 Vqs)-fuzzy ideal v of S. 

(vii) (fi A* f) = ((/x * v) * /x) /or every (g 7 , G 7 \/qs)-fuzzy generalized bi-ideal \x 
and every (g 7 , G 7 Vqs)-fuzzy interior ideal v of S. 



Proof, (i) ==> (vii) Let \i be an (e 7 , G 7 Vg^-fuzzy generalized bi-ideal and v be an 
(G 7 , G 7 Vg^-fuzzy interior ideal of S, and i£5. Then, 



((/x * z/) * /x) (a;) < ((/!* 1) (x) 



< 




(fj,(x) V7) A (5 
M *(x). 
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Therefore ((/i * v) * fi) < /x*. Also 

((/i * v) * /x) (a;) < ((1 * i/) * 1) (a;) 



< 



V ((1 A 1(2) V 7 A<S 



V V (1AK?)) Al V 7 A<5 

\a:=jjz \ \y=pq J J J J 

V f V (%)))v^) A<5 

V ( V M?))a^)] V 7 J a s 

x=yz \y=pq I I 



V v{{pq)z) J V 7 J A (5 

a:=(pg)z / / 

= (0(:e) V 7) A 5 
= v*{x). 

Thus, ((;U * v) * fi) < (/i* A v*) = (/i A* v). Now, let s € S. Since 5 is regular so 
there exist x € S, such that s = (sx) s. Now, by using (1) and (4), we have 

s = (sx) s = (((sx)s)x)s = ((xs)(sx))s = (s((xs)x))s 

So, we have 

((/i *v)*n) (s) 

= ((f(( (( Y AKe))J v 7 ^j A^J Am(s)J v 7 ^j A^ 

> (((^(s)Ai/((ii)i))A/t(s))V7)Ai 

= A (i/((aw) a?) V 7)) A /*(*)) V 7) A 5 

> ((( Al (s)AKs)A5))A/x(s))V 7 )A<5 
= ((^(i)Ai/(«))V7)Ai 

= ((/iAi/) (s) V 7 ) A 8 
= (A*A*i/)(s). 

Therefore, ((/i * 1) * /i) > (/1 A* v) . Hence, ((/x*l)*/i) = (/i A* 1/) . (wt) =^> 
(w) => (m) =>■ (ii) and (im) =>■ (vz) => (iw) => (ii) are clear, (ii) ==>■ 
(i). Let /i be an (e 7 , e 7 Vg^-fuzzy quasi-ideal of S. Now, /i*(a) = (/i(a) V 7) AS = 
((fi A 1) (a) V 7) A 5 = (fi A* 1) (a) = ((/j * 1) * /j) (a) fi* = (jj, * 1) * //. Thus, by 
Theorem [TU1 S is regular. □ 

Theorem 12. For a weakly regular LA- semigroup S with left identity e, the fol- 
lowing conditions are equvialent: 
(i) S is regular. 
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(ii) (jj, A* v) < (/x * v) for every (g 7 , G 7 Vq$)-fuzzy quasi-ideal \i and (e 7 , G 7 Vqa)- 
/w^y left ideal v of S. 

(Hi) (pi A* v) < (fi * v) for every (e 7 , G 7 \fqs)-fuzzy bi-ideal \i and (g 7 , G 7 Vg^)- 
left ideal v of S. 

(iv) (pi A* v) < (pi * v) for every (G 7 ,G 7 \/qs)-fuzzy generalized bi-ideal [i and 
(G 7 , G 7 Vqs)-fuzzy left ideal v of S. 

Proof, (i) =>■ (if). Let /j be any(G 7 , G 7 Vtj^-fuzzy generalized bi-ideal and v be 
any (g 7 , G 7 Vq$)- fuzzy left ideal of S. Let s E S. Since 5 is regular, so there exist 
x e S, such that, s = (sx) s. Also since S is weakly regular, so there exist y,z G 5, 
such that, s = (sy) (sz) . Now, by using (4) and (1) we have 

s = (sy) (sz) = s((sy)z) = s((((sx)s)y)z) 

= s(((ys)(sx))z) = s((s((ys)x))z) = s((z((ys)x))s) 



So, 



{n*v)(s) = (W(«)V7)A5 



= ^ g V^(My)A^))J v 7 J a <s 

> ((0i(a)Ai/((«((ys)a:))s))V7)A(J 

> ((/i(s) A i/(s)) V 7) A 6 
= (((/iAi/)(*))V7)AJ 
= A* !/)(*). 

So, (/jA* f) < (pi*i>). (iv) => (in) => (ii) are obvious, (ii) ==> (i). Let ^ 
be any (g 7 , G 7 Vg^-fuzzy right ideal and v be any (g 7 , G 7 Vqs)- fuzzy left ideal of 
S. Since every (g 7 , G 7 Vg^-fuzzy right ideal is an (g 7 , G 7 Vg^-fuzzy quasi-ideal of 
S. So, (pi A* v)<(n*v). Now, 

(pi*v)(s) = (W(«)V 7 )A<5 

= (( a V z (M(y)Ai/(«))^ V 7 ^) A<J 

= (( y (M(y)A^))A^ V^jAS 

= ( ^ ((Mi/) A 5) A A ^ V 7 ^ A 5 

< ^ V (Myz)vj) AMp)v 7 )j v 7 ^J as 

= ((p(s)Ai/(s))V7)A<J 
= ((^ A !/)(«)) V 7) A J 
= (pA*i/)(a). 

So, ^i* v < fiA* zaTIius fi* v — [i A* v for every (g 7 , G 7 Vg,5)-fuzzy right ideal pi and 
(G 7 , G 7 Vg5)-fuzzy left ideal v of 5. So, by Theorem 31 we have S is regular. □ 
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Theorem 13. For a weakly regular LA-semigroup S with left identity e, the fol- 
lowing conditions are equvialent: 

(i) S is intra-regular. 

(ii) pA* v < p*v for every (g 7 , G 7 Vqs) -fuzzy left ideal p and (G 7 , G 7 Vqs)-fuzzy 
right idealv of S. 

Proof, (i) => (ii). Let p be any (g 7 ,G 7 Vga)-fuzzy left ideal and v be any 
(G 7 , G 7 Vg^-fuzzy right ideal of S. Let s G S. Since S is intra-regular, so there 
exist x,y G S, such that, s — (is 2 ) y. Also, since 5 is weakly regular, so there exist 
p,q G S, such that, s = (sp) (sq) . Now, by using (4),(1),(2) and (3) we have 

s = (xs 2 )y = (x(ss))y = (s(xs))y = (y(xs))s 
= {y{xs))(es) = (se)((xs)y) = (xs)((se)y) 
= (xs((((sp)(sq))e) = (xs)(((sq)(sp))y) 
= (xs)((y(sp))(sq)) = (xs)(s((y(sp))q)) 

So, 

(/**")(«) = ((H(«))V7)A<5 

= (( a V z (Mw)A^))^ V^j A 6 

> ((p(xs)Au(s((y(sp))q)))Vj)AS 

= (((p(xs) V 7 ) A (u(s((y(sp))q)) V 7 )) V 7 ) A 6 

> (((p(s) A8)A(u(s) AS)) V 7 ) A 6 
= ((p(s) A V 7 ) A ,5 

- ((/xAi/)(«))V7)Ai 

- fa A* !/)(«) 

Therefore, (/x A* f ) < (p * z/) for every (g 7 , G 7 Vga)-fuzzy left ideal p and (g 7 , G 7 Vga)- 
fuzzy right ideal v of S. (ii) => (i). Let R and L be right and left ideals of S, 
then Xr and Xl are (^n e 7 Vg^-fuzzy right ideal and (g 7 , G 7 Vg^-fuzzy left ideals 
of S, respectively. By hypothesis, we have \*lr = (Xl * Xr) > (Xl A* Xr) = X* Ln R- 
Thus, L fl R C Li?. Hence, it follows from Theorem 2, that 5 is intera-regular. □ 



Theorem 14. For a weakly regular LA-semigroup S with left identity e, the fol- 
lowing conditions are equivalent: 

(i) S is regular and intra-regular. 

(ii) p * p = p* for every (g 7 , G 7 Vq$)-fuzzy quasi- ideal p of S. 
(Hi) p * p = p* for every (g 7 , G 7 Vq$)-fuzzy hi- ideal p of S. 

(iv) p * v > p A* v for every (g 7 , G 7 \/qs)-fuzzy quasi- ideals p and v of S. 
(iv)p * v > p A* v for every (g 7 , G 7 Vqs)-fuzzy quasi- ideal p and for every 
(G 7 , G 7 Vqs)-fuzzy hi- ideals v of S. 

(vi)p * v > p A* v for every (g 7 , G 7 \/qs)-fuzzy hi- ideals p and v of S. 

Proof, (i) => (iv). Let p and v be (g 7 , G 7 Vga)-fuzzy bi-ideals of S and s G S. 
Since S is regular and intra-regular, so there exists x,y and z G S, such that, 
s = (sx) s and s — (ys 2 ) z. Also, S is weakly regular so there exist p, q G S, such 
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that, s = (sp)(sq). Now by using (1) and (4) we have, 

s = (sx)s — (sx)((sx)s) = (((sp)(sq))x)((sx)s) 

= (( s (( s P)q))x)((sx)s) = ((x(sp)q))s)((sx)s) 

= ((x((sp)sq))p)q))s)((sx)s) 

= ((x((qp)((sp)(sq))))s)((sx)s) 

= ((x((qp)(s((sp)q))))s)((sx)s) 

= ((x(s((qp)((sp)q))))s)(sx)s) 

= ((s(x(( q p)((sp)q))))s)((sx)s). 

Then, 

(H*v)(s) = ((/«/) 00 V 7) A <5 



V {fx(y)Av(z)}\ V 7 j A 5 

s=yz / / 



\ \s=yz 

> ({(x((s(x((qp)((sp)q))))s) A u((ax)s)} V 7) A S 

= [({{K(s(x((qp)((sp)q))))s) V 7) A (v((sx)s)) V 7)} V 7] A 6 

> [{(fx(s) A 5) A (v(s) AS)} V 7 ] Ad 
= [{(x(s) A u(s)} V 7] A <5 

= [{(fxAu)(s)}Vj]A6 

= 

Thus, fx*v > fv A* v for every (G 7 , G 7 Vcj^-fuzzy bi- ideals fx and f of S. (vi) => 
(i>) =>■ (iv) are obvious, (iv) =>■ (ii). Put fx = v in (iu), we get /i * /i > fx*. 
Since every (g 7 , G 7 Vq,5)-fuzzy quasi-ideal is (g 7 , G 7 Vg l < j)-fuzzy LA-subsemigroup, 
so fx * fx < fx* . Thus, fi * fx = p,* . (Hi) =>• (ii) is obvious, (ii) (i). Let Q 

be a quasi ideal of S. Then, by lemma 3, \q IS an (^-yi £7 Vg^-fuzzy quasi-ideal of 
S 1 . Hence, by hypothesis, Xq * Xq = X*q- Thus, Xqq = Xq * Xq = X*q, implies that 
QQ — Q- So, by Theorem HI S is both regular and intra-regular. □ 

Theorem 15. For a weakly regular LA-semigroup S with left identity e, the fol- 
lowing conditions are equivalent: 

(i) S is regular and intra-regular. 

(ii) (fx * v) A (y * fx) > fx A* v for every (g 7 , G 7 Vqs)-fuzzy right ideal fi and every 
(G 7 , G 7 Vqs) -fuzzy left ideal v of S. 

(Hi) (fx * v) A (y * fx) > fiA*v for every (g 7 , G 7 Vqs)-fuzzy right ideal fx and every 
(G 7 , G 7 Vqs)-fuzzy quasi- ideal v of S. 

(iv) (fx* u) A(v * fx) > fx A* v for every (G 7 , G 7 Vqs)-fuzzy right ideal fx and every 
(G 7 , G 7 Vqs)-fuzzy bi-ideal v of S. 

(v) (fx * v) A (y * fx) > fx A* v for every (g 7 , G 7 Vq$)-fuzzy right ideal fx and every 
(G 7 , G 7 Vqs)-fuzzy generideal bi-ideal v of S. 

(vi) (fx * v) A (v * fx) > fx A* v for every (g 7 , G 7 Vqs)-fuzzy left ideal fx and every 
(g 7 , G 7 Vqg)-fuzzy quasi- ideal v of S. 

(vii) (fx * v) A (v * fx) > fx A* v for every (g 7 , G 7 \fqs) -fuzzy left ideal fx and every 
(G 7 , G 7 Vqs) -fuzzy bi-ideal v of S. 

(viii) (fx * v) A (v * fx) > fx A* v for every (g 7 , G 7 Vqs)-fuzzy left ideal fx and every 
(G 7 , G 7 Vqs)-fuzzy generideal bi-ideal v of S. 
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(ix) (/U * v) A (y * ji) > \i A* v for every (g 7 , G 7 Vqs)-fuzzy quasi-ideals fi and v 
ofS. 

(x) (fi * v) A [y * ^i) > n A* v for every (e 7 , G 7 \lqg)-fuzzy quasi-ideal fi and every 
(G 7 , G 7 Vq$)-fuzzy left ideal v of S. 

(xi) * v) A (v * /i) > ^A* v for every (€ 7 , G 7 Vqs)-fuzzy quasi-ideal fi and every 
(G 7 , G 7 \/qs)-fuzzy generalized bi-ideal v of S. 

(xii) ([i * v) A {y * fi) >/jA*v for every (g 7 , G 7 Vqs)-fuzzy bi-ideals /i and v of 

S. 

(xiii) {[i * v) A {y * fi) >/iA*y for every (g 7 , G 7 \Jqs)-fuzzy bi-ideal /j, and every 
(G 7 , G 7 Vqs)-fuzzy generalized bi-ideal v of S. 

(ixv) (/j, * v) A (y * [i) >\if\*v for every (g 7 , G 7 Vqs)-fuzzy generalized bi- ideals 
fi and v of S. 

Proof, (i) =>■ (ixv) Let \x and v be the (g 7 , G 7 Vq^-fuzzy generalized bi-ideals of 
S and s G 5. Since S* is regular and intra-regular, so there exist x, y and z G 5, 
such that s = (sx) s and s = (ys 2 ) z. Now, by using (2), (3), (4) and (1) we have, 

s = (sx)s = (((sx)s)x)((sx)s) = (((sx)((ys 2 )z))x)((sx)s) 

= (((sx)((y S 2 )(ez)))x)(( S x) S ) = ((( S x)((ze)( S 2 y)))x)((sx) S ) 

= (((sx)(s 2 ((ze)y)))x)(( S x) S ) = (( S 2 ((sx)((ze)y)))x)((sx) S ) 

= ((x(( S x)((ze)y)) S 2 )(( S x) S ) = ((x((ze)(( S x)y))) S 2 )((sx) S ) 

= ((x(z( S x))y))s 2 )((sx)s) = (((z( S x))(xy)) S 2 )(( S x) S ) 

= (((zx)(( S x)y))s 2 )((sx) S ) = (((zx)(((( 2/S 2 )^)x) 2/ )) S 2 )(( S x) S ) 

= (((zx)(((xz)(y S 2 ))y S 2 )((sx) S ) = (((zx)((( S 2 y)(zx))y)) S 2 )(( S x)s) 

= (((zx)((((zx)y)s 2 )y)y)(( S x) S ) = (((,x)(( yS 2 )((zx)y))) S 2 )((sx) S ) 

= (((zx)((y(zx))(s 2 y)))s 2 )(( S x) S ) = (((zx)(s 2 ((y(zx))y))) S 2 )(( S x) S ) 

= ((s 2 (zx((y(zx))y))) S 2 )((sx)s). 

Then, 

{H*v)(s) = ((/«/)(*) V 7) A £ 



\J{n(b)Au(c)} V 7 )AS 

\ \s=bc ) ) 

> ({/i((s 2 (zx((y(zx))y)))s 2 ) A u((sx)s)} V 7 ) A 5 

= ({([i({s 2 (zx((y(zx))y))) S 2 ) V 7 ) A (v((sx)s) V 7 )} V 7 ) A 5 

> ({(m((s 2 ) A <5) A(z/(s) A(5)}V 7 ) A (5 
= ({ M (s 2 ) A^(s)}V 7 ) A 5. 

Now, by using (1), (4), (2) and (3) we have 

s 2 = ss = ((sx)s)((sx)s) 

= (((sx)s)s)(sx) — ((ss)(sx))(sx) 

= (s(( ss ) x ))( sx ) = (((sx)((ss)x))s) 

= ((sx)((ss)(ex)))s = ((sx)((xe)(ss)))s 

= i(sx)(s((xe)s)))s = (s((sx)((xe)s)))s. 
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Now, since /i is an (g 7 , G 7 Vq^-fuzzy generalized bi-ideals of S. Therefore, 

Ms 2 )V 7 = n((s((sx)((xe)s)))s) V 7 
> fi(s) A jti(s) A (5 
= /i(s) A S. 

Thus, 

(/i*i/)(s) > ({/i(s 2 ) A^(s)} V7) A <5 

= ({(m(s 2 )V 7 ) Az/(s)}V 7 ) A (5 
> ({(/i(s) AS) Av(s)} V7) A <5 
= ({/*(*) A V 7) A « 
= ((// A 1/) (s) V 7) A (5 
= (/'A*!/)( S ). 

Similarly, we can prove that (1/ * /i) (s) > (ju A* v) (s). Hence, (// * v) A * fi) > 
(p A* i/) . (ixv) => (xiii) => (xzz) =>■ (x) =>■ (z'x) =>■ (zz'z) => (zz), 
(zxt>) => (xz) ==> (x), (zxt>) =>■ (win) =>■ (z'zi>) => (xz) (zz) and 

(z'xzj) ==> (u) => (zz;) (z'zz) ==>• (zz) arc obvious, (zz) ==> (z). Let /i be 

an (g 7 , G 7 V(/5)-fuzzy right ideal and v be an (g 7 , G 7 \Zq$)-iuzzy left ideal of S. For 
s G S, we have 

(M*^)(s) = ((/«/)(*) V 7) A <5 

= (( VWA^)}) V 7 J A (5 



< 



V {( M (j/)A5)A(K^)A5)}J V 7 j A J 

V {(/i(yz) V 7) A (i/(yz) V 7 )}^J V 7 ^J A 8 
\J {/i(yz) A v{yz)}^ V 7 ^J A S 



\ \s=y 

= A v(s)} V 7) A (5 

= ((/i Af) (s) V7) A 5 

= A* !/)(«). 

Therefore, /j*i/</iA*i/. By hypothesis, fj, * is > n A* v. Thus, (/1 * i/) = (/1 A* z/) . 
Hence, by Theorem S is regular. Also by hypothesis, fi * is > fi A* is. So, by 
Theorem [T21 S is intra-regular. □ 

5. Conclusion 
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